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Abstract This paper is devoted to the study and classification of vortex-induced oscillation and the wake
structure of flow past finite cylinders. Experiments were performed in a water tunnel using cylindrical particles
hinged in the center of the test section while allowing them one degree of rotational freedom. The speed of flow
and aspect ratio of the cylinders were used to vary the Reynolds number in the study between 100 and 5000. The
cylinders display different responses to the fluid flow depending upon the Re, ranging from steady orientation,
periodic oscillation to autorotation. A hydrogen bubble flow visualization technique was used to examine the
vortex structure and supported by image analysis techniques. Specific features of the wake structure such as
length of the primary vortex, its frequency and amplitude were analyzed as a function of Re. Our investigations
indicate that the frequency of oscillation of the cylinder and the vortex shedding increases monotonically with
the Reynolds number. Also, the length of the primary vortex versus Re shows interesting features and reveals
possible critical points in the flow when vortex structure changes. In order to better understand qualitative
aspects of the cylinder’s dynamics that go beyond experiments, a simplistic forced nonlinear pendulum toy
model was employed and seen to capture qualitative aspects of the cylinder’s dynamics.
Keywords Cylinder wake · Vortex shedding · Oscillations
1 Introduction
The terminal state of a body falling in a fluid includes its terminal velocity as well as the terminal orientation.
While the former is often discussed, even in elementary physics courses the latter is less well known. It is,
however, established that homogeneous bodies of revolution around an axis, a, with fore–aft symmetry, when
dropped in a quiescent liquid, will orient themselves in certain ways with respect to the direction of gravity.
The orientation is seen to depend upon the shape of the body and also upon the nature of the fluid in which they
are immersed. In a highly viscous fluid, in creeping flow regimes, the body is seen to keep its initial orientation
as it falls [22,23]. In a Newtonian fluid when the velocity of the body begins to experience inertial forces, the
body falls with a eventually becoming perpendicular to the direction of gravity.
Analytical explanations of the stable orientation configurations have been provided for a variety of fluid
models, Newtonian and non-Newtonian, by requiring that the net torque imposed on the body by the fluid
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due to viscosity (constant and shear dependent), inertia and viscoelasticity is zero. Hence, in equilibrium,
the terminal angle can be obtained from the vanishing of the total net torque [10–12,38,39]. The previously
employed mechanical approach successfully explains the steady-state orientation phenomena in various cases.
A sedimenting cylinder, for instance, is known to fall with its axis of symmetry perpendicular to gravity in a
Newtonian fluid when its length, l, exceeds its diameter, d. However, in the case of a disk, when the length of
the body is less than the diameter, the disk falls with its axis of rotation parallel to gravity. Therefore, variations
in the aspect ratio of the cylinder can result in interesting changes in the terminal behavior. Several more recent
systematic studies have experimentally, analytically and numerically explored the steady-state dynamics of
falling bodies (see, for instance [8,12,19,20,23,31]) in the Stokes and low Reynolds number regimes. The
dynamics of falling bodies become even more interesting in the higher Re regime case where vortex shedding
effects become significant.
In the context of sedimentation, several relevant studies have been conducted, both experimental and
numerical, to document the nonlinear dynamics of spheres and disk-like bodies whose aspect ratios (lengthto-diameter ratio, denoted A R) are much <1, which typically represent disks or flat plates [2,8,9,37,40,42].
There has been extensive study on the behavior of freely falling or rising spheres [8,16,29] with particular
attention to the impact of Re and critical mass (m ∗ , i.e., the ratio of the sphere’s mass to the mass of an equal
volume of the surrounding fluid) of their trajectories. Sedimenting and rising bodies can be seen to move along
straight, oblique and zigzagging paths due to the influence of the wake vortex structure. A sedimenting disk
or flat plate exhibits a similar behavior with added features resulting from its loss of isotropy and single axis
of rotation. Along with the varying translational paths, a cylinder/disk also displays fluttering, tumbling and
chaotic motions [2,9]. A complete classification map displaying the various regimes can be made by means of
non-dimensional parameters such as particle aspect ratio, m ∗ , reduced inertia (defined by I ∗ = ρ Id 5 , where
f
I is the moment of inertia of the body with respect to the symmetry axis and ρ f stands for the fluid density
and d is the characteristic length of the cylinder),1 Froude number, Strouhal number (St = fUd , where f is
the frequency of oscillation and U is the characteristic velocity) and Reynolds number (Re = Uνd where ν is
the dynamic viscosity).
While the majority of the previous papers on fluid–solid interaction of spheres and cylinders have been
pursued via sedimentation, we see a potential drawback with this method; these studies are restricted by the
often short fall times. An alternative to this approach is then to hinge the rigid bodies and move the flow past
it, thereby allowing for very long observation times [3,4,26–28,40–42,45,46]. A second advantage of this
approach is that such a setup permits investigation of fluid–solid interaction at fixed flow speeds (Re) which
can be incrementally raised; such an incremental increase in Re can be difficult to achieve in a sedimentation
experiment. Such a change in perspective naturally comes with its own issues; a hinged setup such as the
one employed in the current study creates damping due to the suspension mechanism which is necessitated
to avoid the rigid body being advected by the flow. In a recent paper, Horowitz and Williamson [17] discuss
the similarities between vortex-induced vibration for a freely falling (and rising) cylinder (and sphere) with
one which is constrained by a stiff spring to vibrate in the transverse and stream-wise direction. The freely
falling case, with zero stiffness, shows interesting similarities to the latter by yielding a similar critical mass
for the onset of vibrations induced by a similar wake structure. Therefore, in our own investigation, barring
the absence of gravity in the horizontal setup, the overall physics can be expected similar and can give us
valuable insight into the orientation dynamics of cylinders at higher Re. Willmarth et al. [42], whose work
comes closest to our investigations, examined the free and forced oscillations of disks of diameters ranging
from 15 cm to about 30 cm in a wind tunnel with Re in the range 68,000–636,000. The aspect ratio in these
experiments were between 0.014 and 0.125. In this study as well, the hinged cylinder was seen to display
periodic angular oscillations with amplitude and frequency directly proportional to Re. Mittal et al. [28]
performed two-dimensional numerical simulations for uniform flow past a hinged plate which is free to rotate
about its central axis and compared it to the dynamics of falling bodies. The parameter range considered in their
study is: 0 < Re < 700 and 0 < A R < 1. The simulations reveal the onset of periodic oscillations followed
by a flow-induced rotation (or autorotation) beyond critical values of Re and aspect ratios. A comprehensive
regime map or phase diagram, as provided in the case of freely falling and rising cylinders [9,16,36], is however
missing for the horizontal flow case.
Most theoretical work on the orientation dynamics of bodies has been focused on the sedimentation of
bodies in fluids under the action of gravity (see [12]). The linear and angular momentum equations give us
complete information about the dynamics of a freely falling/rising body. If we suppress the translation motion
1

The characteristic length of the cylinder is taken to be its length (l).
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and restrict the rotation to one axis only, then the resulting equations could be used to describe the phenomena
observed in our experiments. Willmarth et al. [42] employed a non-homogeneous simple harmonic model to
describe their experiments on the coupled motion of a flat plate in air flow. Though this equation contains all
the essential aspects of the interactions, it is well known to hold only for small angular variations. Inspired by
the simple one-dimensional approaches in the literature [40,42], in the current paper, we generalize the simple
harmonic model to the nonlinear pendulum equation with the non-homogeneity modeled by known forms of
the wake structure.
This paper extends our previous investigations of steady-state orientations[10,11,38,39] of rigid bodies in
fluids and examines the unsteady dynamics of cylinders in Newtonian fluids at higher Re ranging from 100
to 5000. The central and novel contributions of this paper include (i) a thorough analysis of fluid structure
interaction across a wide range of previously unexplored Re (100–5000) and I ∗ (0.1–0.6), (ii) identification of
the various phases that a hinged cylinder can undergo, (iii) analysis of the changes to the primary vortex which
is used as an indicator of flow bifurcation and finally, (iv) a qualitative theoretical analysis of the fluid structure
interaction using a simple nonlinear pendulum model which builds effectively upon previously known results
in the steady regime.
2 Experimental design and analysis
We designed an experiment where a cylindrical particle was suspended in a flow tank, allowing it one degree
of rotational freedom. In the following paragraphs, the details of the experimental setup and the protocols for
our analysis are discussed.
2.1 Experimental procedure
The experimental setup consists of plastic cylinders of diameter (d) 0.635 cm and lengths (l) ranging from
0.32 to 1.27 cm and aspect ratio, A R = l/d, between 0.5 and 2.0. The cylinders are made of ABS, Lexan and
Delrin (plastics) with densities 1.05, 1.18 and 1.4 g/cc, respectively, and were suspended at the center of a
water tunnel (Engineering Laboratory Design Inc., Model 502) capable of flow rates between 0.1 and 1.0 fps at
0.37 kW. The dimensions of the test section of the water tunnel are 15.4 × 15.4 × 45.72 cm. The cylinder was
hinged by means of stainless steel and copper wires of thickness 0.023 cm passing through the cylinder (see
Fig. 1), which was placed at the center of the tank in such a way as to prevent any translational motion. The
dynamics of the particle and wake were recorded using a 72 mm Sony HDR FX1 camera which was placed
orthogonal to the flow and fitted with +6 diopter zoom lens (Hoya Inc.).
Previous studies suggest that the vortex shedding process in the wake of the body can be effectively visualized using the hydrogen bubble technique [6,21]. Our hydrogen bubble setup involved a copper wire of
diameter 0.01 cm mounted vertically at a distance of 12 cm from the cylinder. A copper rod was used as the
anode. Four 9 V batteries in parallel were used to generate the bubbles which were released along the vertical
plane bisecting the particle. The bubbles trapped in the cylinder’s wake were illuminated by a laser sheet
generating a two-dimensional image of the wake structure. Our observations from the rear end of the flow
tank indicated that the hydrogen bubbles consistently stayed in their original two-dimensional plane even after
crossing the cylinder for the range of Re observed [18]. The operational speed of the camera was set at 30
frames per second, and the resulting videos were analyzed using Adobe Photoshop (see following section for
more about the image analysis procedure).
The Reynolds numbers in the experiments ranged between 100 and 5000, where the characteristic length
was chosen to be the length of the particle perpendicular to the flow2 (i.e., length of its axis of rotational
symmetry) and the characteristic velocity was the average speed of the flow in the tank, in the absence of the
particle. One objective of our study was to look at discernible patterns in the wake structure. In particular, we
found from our images (see Figs. 2, 3) that the wake possesses some distinguishing features, especially in the
primary vortex, i.e., the first vortex pair emerging past the cylinder. We defined the maximum length of the
primary vortex from back surface of the cylinder as our metric in this study (see Fig. 3). It is easily recognized
2 Cylinders of aspect ratio >1 oscillate around a different equilibrium from those with aspect ratio <1. If these aspect ratios
were being considered in isolation, we would use the equilibrium configuration length to be equal to the characteristic length
(i.e., for A R > 1, the characteristic length would be l, and for A R < 1, the characteristic length would equal the diameter d).
However, since this current paper compares different aspect ratios, we feel it is meaningful to fix the characteristic length for all
cylinders to be l.

630

B. Chung et al.

Fig. 1 Schematic a shows how the angle θ is defined in our study. The dashed lines indicate a frame attached to the body.
The angle θ can be thought of as the inclination of the body frame with respect to an inertial frame with the same origin. The
mathematical analysis reveals that the equilibrium states correspond to θ = 0, π/2 with the former being the stable state. We
define the angle ζ = π/2 − θ to allow for a more convenient description of the cylinder’s dynamics in our mathematical model.
b–d show various perspectives of the experimental setup, b and c from the sides and d from the rear of the flow tank

that the shape of the primary vortex is directly a function of the geometry of the particle. Hence, the aspect
ratio of the cylinder becomes an important parameter in our study. We refer to this length as the vortex length
throughout the rest of the paper. The focus on the primary vortex is for two main reasons: Firstly, the hydrogen
bubble method makes it hard to visualize the wake structure much beyond the primary vortex in the wake
region; this requires the use of PIV or some such more sophisticated method, which we hope to conduct in the
future. Secondly, based on previous studies on fluid structure interaction, we know that the primary vortex has
a very significant impact upon the oscillations of the structure [15,33,34].

2.2 Image analysis procedure
The image analysis was conducted using the Adobe Creative Suites software. The Adobe Premier program
allowed for a controlled viewing of the hydrogen bubbles in motion and the gradual generation of individual
vortices by isolating individual frames from the movies. Both vortex shedding and cylinder dynamics were
studied using this method. The measurements were performed in Adobe Photoshop, utilizing the ruler tool,
line tool and contrast manipulations. After the individual frames were isolated, the following adjustments were
made in Photoshop to allow for a more accurate observation and measurement of the primary vortex: First, the
image was filtered using the “de-interlace” command, allowing for a full view of the frame itself; second, the
“pixel aspect ratio” was set to 1.2 which is the value used in the high-speed camera settings; third, the image
was made clearer through the “autocolor” command, which allowed for a greater degree of contrast without
drastically changing the original conditions of the image.
The particle orientation behavior was measured by measuring the tilt of the cylinder in each individual
frame using the “ruler tool” in Photoshop. This method of analysis was applied to all the cases (i.e., recorded
movies) except the steady and autorotation case. The former of these cases was not analyzed since there is
no particle motion to speak of. Also, focusing issues due to the rapid speed of the autorotating bodies caused
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Fig. 2 A time sequence of images of the primary vortex seen by illumination of the hydrogen bubbles by a laser sheet. The
Reynolds number of the flow here is Re = 747 and A R = 1.0

Fig. 3 This example figure shows a close-up view of the primary vortex in the wake of a cylinder. The streaklines seen in the
image allow us to identify the length of the primary vortex which is the metric used to obtain information about the frequency of
vortex shedding. The vortex length refers to a magnitude of the primary vortex measured by the perpendicular distance between
the pinch-off point and the rear of the cylinder. This image is based on a more recent visualization experiment where the flow
was seeded with 13µm glass spheres and is illuminated by 532 nm laser sheet

difficulties in the visualization. A substantially higher frame rate camera will be required in the future to discern
the vortex patterns resulting from autorotation.
The primary vortex length was the metric used to examine the wake structure past an oscillating cylinder.
As shown in Fig. 3, the vortex length refers to the size of the primary vortex, measured as the length of the
perpendicular line connecting the rear side of the cylinder to the end of the primary vortex (referred to as the
“pinch-off point”). The pinch-off point can be seen to be the point where the primary vortex “ends” defined by
the coming together of the streamlines shed from the top and bottom tips of the cylinder. The vortex length measurement was visually made multiple times and by multiple researchers to ensure reasonable estimation of these
parameters.
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Fig. 4 This figure shows the periodic variations in angle of the cylinder (in degrees) and vortex length (in pixels) for various
Reynolds numbers and cylinder aspect ratios

2.3 Vortex-induced oscillations
Our analysis (based on the results reported earlier [3,4]) reveals that the particle displays the following distinct
types of motions: (i) steady orientation (S): where the cylinder’s position remains unchanged with time, (ii)
periodic oscillations (P): where cylinders oscillate in a steady periodic manner, and (iii) autorotation (A): a
non-oscillatory state where cylinders rotate completely (by an angle of 2π) and periodically around the axis of
suspension. At the onset of the transition from S to P, before the particle starts a consistent periodic oscillation,
we also notice a state where the cylinder undergoes slight aperiodic oscillations. While this is not necessarily
a significant behavior, we classify this aspect of the particle dynamics simply as oscillations (O). Our criterion
for defining a motion as being an oscillation is that the average fluctuation for the particle be <0.1 rad. Figure
4 displays some sample plots of the angle of the particle versus time showing each of the cases discussed
above for different I ∗ and Re. The figures reveal a very distinct periodic behavior for cylinders of different
aspect ratios and for a wide range of Re. The lower curve in this figure shows the temporal variations in the
orientation of the cylinder (in degrees), with respect to the vertical axis.
Following the phase diagram adopted by Field et al. [9], we examined the variations in the particle behavior
as a function of I ∗ versus Re for the different features observed in our experiments. To identify clear patterns in
the phase diagram, we made contours using four different color schemes to distinguish clustering of the various
features (see Fig. 5). The plot reveals four distinctive regions depending upon the values of Re and I ∗ . Our
data indicate that: (i) the steady behavior falls along regions of lower values Re; (ii) the random fluctuations
predominantly fall in the regions above I ∗ = 0.29 and for 1800 < Re < 5000 (and possibly larger Re corre-
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Fig. 5 This phase diagram shows the varying dynamics of the cylinder as a function of Reynolds number (Re) and the nondimensional inertia (I ∗ ) of the body. These include steady orientation (S), small, random oscillations (O), periodic oscillations(P)
and autorotation (A). The image is prepared by color interpolation of a discrete data set. The variation in colors gives us an
indication of the threshold of bifurcation. We refer the readers to a movie of our experiments indicating the various states of the
cylinder [18]. The cartoons of the cylinder in the plot are meant to represent the dynamics displayed by the hinged cylinder, and
the arrow to the left is indicative of the flow direction
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Fig. 6 a Plots the observed amplitude of the oscillating cylinder versus Reynolds number of the flow for the three aspect ratios,
A R = 0.75, 1 and 2. b Plots the observed frequency of the oscillating cylinder versus Reynolds number of the flow for the three
aspect ratios, A R = 0.75, 1 and 2. A linear fit is shown for the data in both plots

sponding to the higher I ∗ values); (iii) the features of periodic behavior occur approximately for Re > 1600
and in an expanding I ∗ region contained between 0.15 and 0.35; and finally, (iv) autorotation is densely packed
in regions of large Re, exceeding 3000 and for some intermediate values of 0.19 < I ∗ < 0.29. To characterize
the patterns more clearly, a larger range of data at higher Re is needed. The cylinders can display periodic oscillations even at relatively low Re, as long as I ∗ is limited to a certain value which tends to correspond to cylinders
with aspect ratios in the vicinity of 1. The rest of this paper is devoted to the periodic oscillation regime alone.
In Fig. 6a, b, the amplitude and frequency of the particle oscillation as a function of Re are examined.
A linear trendline fit to the data in both figures shows increasing amplitude and frequency as Re increases.
Figure 6b of oscillation displays a far more consistent linear behavior than Fig. 6a. Furthermore, for fixed Re,
both the amplitude and frequency of oscillation are seen to increase with decreasing aspect ratio.
Also, the rate of increase in amplitude of oscillation is inversely proportional to the aspect ratio. With
regard to frequency, this trend is true when comparing aspect ratios 1.0 and 2.0. However, while the frequency
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Fig. 7 These figures show the variations in the normalized vortex length of a cylinder as a function of Reynolds number of the
flow and aspect ratio of the cylinder. a On the left shows the variations for a fixed cylinder [5], while b on the right plots the
variations in the normalized median vortex length for the oscillating cylinder, over one period. Both the Reynolds number of the
flow and the cylinder’s aspect ratio are varied. The maximum value of the median vortex length points to a transition in the wake
structure from one, thereby causing the cylinder to shift from a steady to oscillatory state. The arrows at the bottom point to the
critical Re for the three different aspect ratios. The color schemes of the arrows coincide with those of the critical points and
indicate a possible critical Re in the flow

of aspect ratio 0.75 cylinders increases with increasing Re, they do not fit into this hypothesis. Cylinders with
A R < 1 tend to expose their flat faces to the flow in their steady state (as opposed to the cylinders with
A R ≥ 1) and oscillate around this equilibrium.

2.4 Oscillation-induced wake
The second aspect of our study was to classify the behavior of the wake. Using the procedure outlined in
Sect. 2.2, we analyzed the primary vortex structure. Figure 4 shows the variations of the vortex length (in pixel
counts) with respect to time for a variety of Re and aspect ratios. We used pixel count instead of centimeters
for the convenience of displaying it on the same figure that represents the particle oscillation. The conversion
from pixels to centimeter (henceforth denoted #/cm) is as follows: (i) for A R = 0.75, #/cm = 195.24, (ii)
for A R = 1.0, #/cm = 210.83 and (iii) for A R = 2.0, #/cm = 170.18. The periodic nature of this quantity
is very apparent from the figure and tends to be smoother for the cases of A R = 1.0, 2.0 for which higher
resolution of the hydrogen bubbles was available.
The median value of the primary vortex length (Fig. 7b) over one oscillation period (in centimeters) as a function of Re and aspect ratio was investigated. The dependence of the vortex length upon Re has also previously
been recognized [5,44]. Figure 7b is shown with error bars which arise from the standard deviation of our multiple measurements. For the aspect ratios 0.75 and 1.0, the initial part of the curve displays a rising trend followed
by a turning point. For aspect ratios 1.0 and 2.0, the curve eventually shows a decreasing trend. Complete data
over a reasonably complete range of Re were available only for the case A R = 1.0 where the rising and falling
trends of the curve are visible. In this case, the median values show a sharp increase in magnitude with increasing aspect ratio. These trends can be compared with the measurement of the vortex length for a fixed cylinder
(Fig. 7a), based on our previous work [5], where the particle was positioned with its longer axis perpendicular
to the flow direction and allowed no degree of rotational freedom. The trends are quite similar in both figures.
The turning point or maximum in the plots is indicative of a change in vortex structure from symmetric to
asymmetric. The turning points of aspect ratios 0.75 and 1.0 happen at approximately Reynolds numbers of
about 650 and 1200, respectively (indicated by the arrows in Fig. 7b). In the case of the aspect ratio 2, since the
entire profile is not available, we assume that the turning point corresponds to the first data point in Fig. 7, namely
Re = 1500. Comparing these values with the Reynolds numbers obtained from Fig. 5, we see that the critical Re
marking the turning points of the median vortex length matches with the bifurcation points of aspect ratios 1.0
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Fig. 8 This figure plots the frequency of the vortex shedding of the oscillating cylinder as a function of Reynolds number of the
flow and the cylinder’s aspect ratio

(I ∗ = 0.18) and 2.0 (I ∗ = 0.62)3 as the particle goes from S to O/P. A more expansive study of this phenomena,
covering a wider range of Re, needs to be performed in the future with cylinders of many more aspect ratios.
The peak-to-peak frequency of vortex shedding as a function of Re and particle aspect ratio is shown in
Fig. 8. In the case of aspect ratios 1.0 and 2.0, the frequency shows an increasing trend with increasing Re. The
particle of aspect ratio 0.75 (not shown here) shows deviation from this trend although these data are subject
to larger errors. The increasing trend is consistent with previous studies by Willmarth et al. [42] in the context
of cylinders and Sakamoto and Haniu [32] who looked at vortex shedding from spheres.

3 A toy model
We propose a simple toy model below which can capture qualitative aspects of the oscillatory dynamics of
the suspended cylinder. The model gives insights into aspects of the phenomena which do not easily lend
themselves to experimental measurements such as the detailed nature of the coupled interaction between the
cylinder and the flow. The analysis here is a first step in the process of providing a rigorous model and is motivated by some recent work in the literature [24,25] which examines the homogeneous nonlinear pendulum
equation and the necessary conditions to observe oscillations, critical asymptotic ascent and non-oscillation. 4
The analysis in this paper primarily focuses on the periodic oscillation regime of the cylinder, but is consistent
with previously reported analysis for the equilibrium case as well.
We propose the frictionless,5 nonlinear pendulum problem with a non-homogeneous forcing term. The
standard form of such an equation is given by
I

d2 θ
+ β sin θ = τ (θ, t)
dt 2

(1)

where I = m(3r12+h ) is the moment of inertia of the cylinder with respect to the center of mass (center of
suspension) corresponding to the permitted axis of rotation, r is the radius of the cylinder, and h is the height
and β = mg h2 . Equation (1) needs to be reduced to an appropriate form in order to describe the specific
physical setting of the problem dealt with in our experiments.
2

2

3 The bifurcation diagram , Fig. 5, only shows I ∗ up to a value of 0.5. For the case of I ∗ = 0.62, by extrapolation, we can
expect the critical Reynolds number to lie close to 1500.
4 Non-oscillation describes the critical behavior as the pendulum ascends to the maximum position and displays rotations with
no reverse motion.
5 This approximation at best delays the onset of critical phenomena, but otherwise does not change the physics of the problem
being discussed here
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The external torque τ (θ, t) is chosen to qualitatively model the couple induced by the wake which could
potentially depend upon the orientation of the body and in the unsteady case, on time as well. In the case of
high-viscosity flow (or Re = 0), we assume that τ = 0 due to the absence of a wake. When inertial effects
emerge and for the Reynolds number below a critical threshold, 0 < Re < Rec1 , the external torque can be
thought to be a constant, corresponding to the emergence of a symmetric wake. Finally, when the wake vortex
becomes asymmetric and periodic [1,32,45], the external torque can be represented as τ (θ, t) = τ1 (θ ) + τ2 (t)
where τ1 represents the component of the torque imposed by the fluid upon the body and depends only upon the
angle θ , while the second term is the time-dependent component of torque which is related to vortex shedding.
The non-homogeneous term is thus meant to capture the effect of vortex shedding upon the suspended body in
a simple way without invoking the Navier–Stokes equations. We do realize from previous studies[16,17] that
the real situation is far more complex and that a proper description of such external torques on the cylinders
requires a careful analysis of the various vortex shedding modes as a function of Re.
We choose τ2 (t) = T0 sin(ω0 t), while the choice of τ1 (θ ) comes from the steady-state conditions. Here T0
is the amplitude of the time-dependent torque, and ω0 is the frequency of vortex shedding. We are motivated
by the work of Cox [7] and Galdi and Vaidya [11] where it is shown that for sufficiently small Re, the inertial
torque imposed by the fluid upon a symmetric body such as prolate spheroid (or a rigid dumbbell) is proportional to sin(2θ ). Hence, we choose τ1 (θ ) = a1 sin θ − a2 sin 2θ where a1 and a2 are positive constants which
depend upon the properties of the fluid, the flow and the rigid body. In order to verify the validity of this model,
it is assumed that just prior to the emergence of a periodic wake (i.e., τ2 = 0), the following non-dimensional
equation holds:
θ  + α sin θ = a1 sin θ − a2 sin 2θ
θ  (0) = 0, θ (0) = θ0 .

(2)
(3)

Note that Eq. 2 is made dimensionless upon dividing Eq. (1) by I ω2 (so α = β/(I ω2 )). Physics dictates that
a1 = α so that in the steady state, we have a2 sin 2θ = 0, suggesting the equilibrium states θ = 0 and θ = π2 in
accordance with the literature [11]. This choice is identical to dropping the gravity term in Eq. (1), corresponding to the cylinder being hinged at its center of mass. Based on Fig. 1, this suggests that the equilibrium state
of the cylinder occurs when its axis of rotational symmetry is perpendicular or parallel to the flow direction,
respectively. An additional condition that this model must satisfy is that of stability/instability. As is observed
in experiments, it is essential to show that our model selects the correct stable equilibrium.
If we perturb the angle θ about the equilibrium state, which we denote θi , according to θ = θi + θ̃ , then
the perturbation term, at o( ), satisfies the equation
θ̃i + 2a2 (θ̃i − θi ) cos 2θi = 0

(4)

where i = 1, 2. If we evaluate this Eq. (4) at the two equilibria, we obtain
θ̃1 + 2a2 θ̃1 = 0
θ̃2

when θ1 = 0

− 2a2 θ̃2 + a2 π = 0

when θ2 = π/2

(5)
(6)

which represent the governing equations for the perturbed system. As is the norm, we can establish stability/instability of a particular equilibrium by analyzing the asymptotic structure of the perturbed equations. It
is easily verified that the solution to Eq. (5) is purely imaginary,
θ̃1 = c1 ei

√

2a2 t

+ c2 e−i

√

2a2 t

(7)

while the solution to Eq.(6) is given by
θ̃2 =

√
√
π
+ c1 e 2a2 t + c2 e− 2a2 t .
2

(8)

Hence, θ˜2 → ∞ as t → ∞. The asymptotic stability of the solution θ1 = 0 cannot be verified by this
procedure. However, since the perturbations are sinusoidal in form, it is clear that trajectories which start in
the neighborhood of the equilibrium will continue remaining in the neighborhood of this equilibrium which
is the best that can be stated about θ1 . Hence, θ1 = 0 is the correct stable equilibrium to work around.
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Following Eq. (2) (see also [30]), we write the governing equation for the problem with external forcing
in the final form
θ  + a2 sin 2θ = δ0 sin ω0 t
θ  (0) = 0, θ (0) = θ0

(9)
(10)

If we write θ̄ = 2θ , then Eq. (9) simplifies to
θ̄  + ā2 sin θ̄ = δ̄0 sin ω0 t
θ̄  (0) = 0, θ̄ (0) = θ̄0

(11)
(12)

with ā2 = 2a2 , θ̄0 = 2θ0 and δ̄0 = 2δ0 . The approximate solution to this problem is given by (see [30])
δ̄0
sin ω0 t
− ω02 )




π
θ̄h (t) = sin−1 k sin φ̄
and φ̄ = F −1 ω̄t + F( , k̄ 2 ), k̄ 2
2

θ̄ (t) = θ̄h (t) +

(ω̄2

(13)
(14)

√
where ω̄ = ā2 and k̄ = sin(θ̄0 /2). Here, F is the incomplete elliptic function, and F −1 is referred to as
the Jacobi amplitude function. When the wake becomes unsteady, we can write Eq. (9) in a more physically
lucid form, in terms of ζ , where ζ = θ − π/2 is chosen such that the observed oscillations around the stable
equilibria are immediately obvious. In order to compute the result, we must obtain a numerical estimate for
a2 , which represents the torque coefficient acting on the body. Since the specific coefficients corresponding
to a cylinder are not available in the literature and not easily measured experimentally,
we instead choose to

employ the corresponding value for a prolate spheroid with the eccentricity, e = 1 − (d/l)2 , replacing the
aspect ratio. Based on previous computations [11], we define a2 = Re G (e), where G has been defined as the
coefficient of torque. Clearly, this approximation cannot account for aspect ratios less than unity. In the case
of cylinders of aspect ratio equal to 1, we choose to approximate the cylinder by a spheroid with e = 0.05 (in
order that we can still discuss a body with a preferred orientation as opposed to a body of e = 0) and hence
a2 = 0.005 Re. In the case of the cylinder of aspect ratio 2, e = 0.866 and the corresponding value of the
torque coefficient is a2 = 0.93 Re. In Table 2 in Appendix, we show the computed values of the frequency of
oscillation of the particle as predicted by this model versus Re. The term δ0 represents the amplitude of the
time-dependent torque imposed by the primary wake vortex and could, in principle, depend upon the Reynolds
number, the particle geometry and also the instantaneous angle of the cylinder. Due to the difficulty in obtaining
this information, we have in this study set δ0 = 1 for all the cases analyzed.
We perform a numerical study of Eqs. (9) and (13) by choosing parameters from experiments (see Table 2 in
Appendix). The approximate analytical and full numerical solutions are seen to match very well, and the differences are found to be less than 6×10−4 % with parameter values derived from experiments. The central result of
the theoretical calculation can be summarized through Fig. 9, which shows the theoretical frequency of oscillation of the cylinder versus Re. There is good qualitative agreement between Figs. 9 and 6b. Both graphs show an
increase in frequency with increasing Re, and overall oscillation frequency is seen to diminish with increase in
A R. The quantitative deviation of these results from experiments is dependent upon the chosen value of δ0 which
is taken to be unity for most of the analysis presented here. The correct value of a2 also needs to be ascertained.
In Table 2, the values of the vortex shedding frequency ( f vs ), frequency of oscillation of the particle ( f pE )
and the maximum angle of oscillation (θ0 ) are obtained directly from experiments and are then used to calculate Re, k, α, the normalized frequency f¯pE (with respect to the maximum ω0 for all aspect ratios) and ω. All
these parameters are finally used in the computation of the theoretical frequency f pT .6 Our theoretical analysis
reveals a similar trend for the frequency of oscillation versus Re as in experiments. A linear fit to theoretical
and experimental data shows a very strong correlation for the most part, ranging from 0.76 to 0.99.
The non-dimensional time parameter in α is computed by two means: a constant T1 =
we display only the second case of non-dimensionalization by T2 .
6

1
max(ω0 )

and also T2 =

1
ω0 . In Table 2,
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Theoretical frequency (Hz)

0.45

0.4

0.35

0.3

AR=1.0
AR=2.0
AR=0.75

0.25

1000

2000

3000

4000

5000

Re
Fig. 9 Theoretically computed oscillation frequency of the cylinder as a function of Re. The frequency is computed based on
Eq. (13). A linear fit through the data shows good correlation, between 0.75 and 0.99
Table 1 This table presents the Strouhal numbers for the vortex, oscillating cylinder and fixed cylinder as a function of cylinder’s
aspect ratio and Reynolds number
AR

Re

Stvs

St p

Stfixed [3–5]

0.75

560.54
705.32
327.37
441.37
747.39
940.43
1133.47
1423.03
1905.63
2388.23
1494.79
1880.87
2266.95
2846.07
3811.27
4776.47

0.310
0.170
–
–
0.411
0.307
0.263
0.243
0.164
0.142
0.328
0.300
0.318
0.281
0.305
0.298

0.060
0.048
–
–
0.074
0.069
0.066
0.066
0.063
0.064
0.124
0.144
0.137
0.142
0.139
0.127

–
–
0.266
0.261
–
–
–
–
–
–
–
–
–
–
–
–

1.0

2.0

4 Discussion
This paper is focussed on the coupled interaction of a cylinder with one degree of rotational freedom with a
flow. We analyze the dynamics of a hinged cylinder as a function of Re and A R and classify various kinds of
behaviors that the cylinder displays (Fig. 5). The bifurcation diagram shows qualitative similarities to similar
maps by Field et al. [9], Willmarth et al. [43], Stringham et al. [36] and Mittal et al. [28]. The experimental studies
reported in [9,36,43] are based on sedimentation of disks and cylinders with parameters deviating considerably
from ours. Nevertheless, there is a clear demarcation separating steady behavior from periodic motion, chaotic
motion and tumbling (or autorotation). Also, the tumbling behavior is seen to occur for disks with selective I ∗
values only and for the high Re, in the thousands. Mittal et al. have conducted a numerical simulation for a twodimensional hinged cylinder (0.2 < A R < 0.3). They observe that the cylinder’s tendency to oscillate increases
with increasing Re and decreasing A R and autorotation is seen to occur around I ∗ = 0.17, which comes close
to our own observations. The phase diagram in [28] plots A R against Re, showing a resemblance to Fig. 5. They
do not explore the same parameter range covered in this paper so a quantitative comparison cannot be made.
Likewise, we must currently be satisfied with qualitative comparisons with previous experimental studies since
the similarities and differences between sedimentation and the hinging problem remain to be clarified.
It might even be meaningful to compare our findings with those of Horowitz and Williamson [16] on the
dynamics of sedimenting spheres. The authors provide a very interesting phase plot showing m ∗ (in the range
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0–1.5) versus Re (in the range 0–15,000) and five distinct regimes. Two critical points in Re are identified
depending on m ∗ . When m∗ < 0.4 (approximately), the sphere adopts a zigzag pathway for Re ≥ 260. However, for approximately 0.4 < m ∗ < 0.6, the transition to an oscillatory trajectory appears for Re ≥ 1500. At
even higher critical masses, m ∗ > 0.6, or so, the amplitude of the oscillation is considerably diminished and
occurs only beyond Re ≥ 1500. While the current study is devoted to a different kind of oscillatory behavior,
it is not difficult to see the similarities between Fig. 5 and [16, Fig. 27]. It is also to be noted that in our study
1.05 < m ∗ < 1.4 resulting in a delayed oscillatory response, which occurs mostly at Re > 1500. A detailed
analysis for 0 < m ∗ < 1 is needed and will be addressed in our future reports.
While we recognize three distinct phases that a hinged cylinder can undergo, the analysis in this paper
is focused primarily upon the oscillatory regime of the cylinder. At higher values of Re, our experiments
reveal autorotation. This stage requires better resolution and the use of high-speed imaging methods for better
understanding and has been relegated to future work. The amplitude and frequency of the oscillations of the
cylinder and the related wake structure, as seen from the primary vortex, are analyzed and used to identify
critical Re at which the vortex structure changes from symmetric state to an asymmetric one, which can be
related to the Hopf bifurcation that the particle undergoes from regime S to P (Fig. 5). A regime map of the
vortex structure, similar to Fig. 5, is currently in the works and would help better clarify the mechanism behind
the observed bifurcations in the cylinder’s motion.
In Table 1, the Strouhal numbers versus Re are shown for three different cases (i.e., vortex shedding Stvs ,
oscillating particle St p and fixed particle Stfixed ). The final column in Table 1 is based on the results from [5].
The Stvs shows dependence upon Re and in particular shows a declining trend as Re increases. This trend is
strongest in the case of A R = 1 where our data are most reliable, indicating a linear relationship which can be
given by Stvs = −0.001 Re + 0.46 with correlation R 2 = 0.87. Our observation regarding the inverse relation
between the Strouhal and Reynolds numbers is also confirmed by previous studies [13,14,44]. In particular, it
has been recognized by these authors that in the case of a forced system, in the periodic regime when the particle
oscillates with a fixed frequency, the Strouhal number decreases with increasing Re. Based on Table 1, there is
substantial variation of St versus Re for aspect ratio 1, but practically none for 1.5. This point can be understood
from examining Figs. 4 and 5. We consistently notice that cylinders with A R = 1 are the most dynamically
active bodies and achieve the oscillatory state at the lowest value of Re. On the contrary, particles with A R substantially more than 1 such as the A R = 1.5 cylinder oscillate with very small amplitude and frequency initially
and require very high flow velocities to reach the periodic oscillation state. As a result, the St changes very
little.
We propose a toy model, the nonlinear pendulum equation, to capture the observed periodic behavior
where the vortex shedding is modeled as an external sinusoidal torque. Our hypothesis is that pressure variations from the fore-aft asymmetry of the pressure should generated the torque causing the periodic oscillations
of the cylinder. From the point of view of [24,25], the pressure gradient across the cylinder, at any fixed Re,
provides it with a certain potential energy to sustain a time-periodic oscillation. Therefore, as Re increases, so
too should the potential energy. As the potential energy imparted by the wake exceeds a critical limit ( mgh
2 ),
the oscillatory state transitions to autorotation.
Figures 6b and 9 display the experimental and theoretical values for oscillation frequency, respectively, versus Re. The fits demonstrate a strong correlation between the f and Re for experimental measurements and theoretical predictions, and there is also qualitative agreement between the two
approaches.
We recognize the limitations of this study which include the two-dimensional experimental analysis and
an oversimplified calculation. We regard this work as a first step in the direction of resolving a very complex
problem and intend to provide a more rigorous treatment to the problem in our forthcoming papers on this
subject. Future study will also include a more careful and thorough investigation of the A R < 1 case as well
as a more refined theoretical model which includes damping and accounts for the effects of vortex shedding
through an independent model.
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Appendix: Parameter values chosen to solve Eq. (13)
See Table 2.
Table 2 This table presents a comparison of theoretical and experimental result in the estimation of frequency of oscillation of
the cylinder as a function of the Reynolds number and cylinder’s aspect ratio
AR
0.75

Re

f vs

θ0

α

f pE

f¯pE

a2

561
7.76
16.10
87.81
1.48
0.16
–
705
5.46
27.40
177.54
1.51
0.17
–
1.0
747
7.63
12.00
90.94
1.38
0.15
3.73
940
7.18
18.08
102.68
1.61
0.18
4.70
1133
7.40
26.55
96.71
1.88
0.21
5.66
1423
8.60
24.50
71.53
2.34
0.26
7.11
1906
7.76
29.83
87.96
2.99
0.34
9.52
2388
8.43
31.45
74.50
3.81
0.43
11.94
2.0
1495
3.04
14.15
211.06
1.16
0.13
1390.15
1881
3.50
13.25
158.61
1.68
0.19
1749.20
2267
4.48
15.65
97.08
1.93
0.22
2108.26
2846
4.95
13.20
79.36
2.52
0.29
2646.84
3811
7.22
17.85
37.35
3.29
0.37
3544.48
4776
8.83
30.00
25.02
3.79
0.43
4442.11
The superscripts “E” and “T” in the frequencies correspond to experimental and theoretical values, respectively

f pT
–
–
0.22
0.29
0.37
0.40
0.50
0.57
4.58
5.02
5.84
6.18
7.95
10.83
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